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Much attention is now hein iren by a few t,o the 
a plication of t,he laws of probt-%i%t,ies and of the theory 
o P statistics, least sciuare.s, and correlat,ion to studies in 
meteorology, especially in it,s relstions t.o agriculture. 
Tlirsc mat.hemat.ic*d agencie! may he niadc very useful 
to meteorologists nncl ot.lie1.s in the analysis and compwi- 
son of the dntn of t.hrir IPS ective sciences and in the 
detprniinntion of possible rcEltions between t.hr several 
phenomena or cluant.ities they discuss. 

The cust,oniary inrt,rorological and clinlti.tic tables tell 
ra t  deal about t,he niem temperature mid avc. 

weat lis $ ier conditions of this or t,liat locnlit,y ltncl for t. ie 
sccrrzil days, months, seasons, cxt.c.. Tho de ,art,ures froni 

are t s o  fully sperifiecl. Nevert,lieless, mn.ny realize how 
these dat,il often fail to bring out climti.tic chzwactl& t-ics 
that imprcss t.licniselvr: strongly upon our physiological 
or psychological sensations. A possible esplnnatioii of 
some of thrse tinonladies niay bc found in recognizing that 
the ciz’crapf temperature-, for esnniplc, or the a i w n g e  con- 
dit.ions of nny kind nre not necessarily thc most frequent 
or the most, probable conditions. The average or the mean 
mn!y he the most frequcilt in some locnlities or a t  certniii 
times and s fen~oi~s ,  whcreas i t  is ent,irely possible :uid in 
fact, c1uit.e probnhlc t.lint in n n d i e r  1oc:nlity or 011 nnot,licr 
ow mion t.lic most frcquent t.eniptrrat.urc iiiiry bo ci tlier 
tibore or below thc iiic‘iiii or normtd. 

Tho sfant7ard tlrv*icit iori is nnot.her iiia.t,li~~nint,ical cwni-ep t, 
tlmt may bt. eniploycd t,o esprc-ss n. charwtchristic or 
peculiaritv of a giviw climat,e and likewist? chinis ntten- 
tion. Dififerent 1oca.lit.irs and diffcrcnt elenicnt,s may 
show marked differences in t,liesc charac trristics and such 

t,lie normal, t,he cstremes, nnd raiigcs of t. ! ic! conditions 

differcnres can not, fail to he nccompsnied by psychic and 
p1iysioIi)gic:il effects 011 ninn :ind by corresponding effects 
on othw organisnls. A11 these climatic features and 
pwu1ia.rit.ics c m  be fully +closed only by n roper app!i- 
c a h n  of the laws of stat.ist.ice to the sevem P problems in 
hand. Vast quantities of suitable data are already avail- 
able a.nd nwn.i t aiinlysis and discussion of the kind indi- 
c atecl. 

hlnny interesting qws tioiis may be answered with 
assiirance by inemis of t,hc niat,liemntical methods referred 
t.0: for exani le: 

1. In the P ong run, how ninny days in December at 
Wa.diingt.on, for esample, will t.he minimum temperature 
fall below freezing 1 

[Some will be content to count u the times for a series 
of yeiii~. A fa.r hetker result may 7 ~ i ?  obtained, however, 
b.v n proper .z plication of the theories of stt~tistics.] 
3. What wi 1 he the most frequent tern erature at  a 

given 1ocalit.y and for a specified interval o time ? 
3. Below what tern erature will the minimum for the 

day at. ii designtxted p Y a.ce and period of time be just as 
likely t.o fall ns not P 
4. How msny times in a month will the temperature 

he the mnie as the average ? 
5. What, pcrccnt,age. of maximum temperatures for a 

given nio1it.h aiicl locality mill bc lo”, 1 5 O ,  or 80° above 
t,hc nOrmHl! 

6. How do different localit.ies differ in one or more of 
t,he particulars indicated in the foregoing questions ? 

7. Are differences in t.he particulars cited reflected in 
the growth of crops or the welfare and comfort of indi- 
viduah, nnd, if so, what are the economic and hygienic 
as m t s  thereof? 

bea ther  conditions rainfall, river stsges, crop yields, 
and many other important phenomena of meteorology 
and agriculture can he analyzed and set forth with advan- 
ta e by the muthematical methods indicat,ed. 

%rof . Karl Penrson, of LTniversity College, London, has 
clone much to s.ysteniatize and reduce to a practical work- 
ing basis the iiitricnte niat.hemzitical processes that must 
hn employed in cbrcler t80 roach exact and rational results 
in the discussion of lnrge groups of stntistical data. His 
importmit coiitrihutions to this science shoulcl bo con- 
sulted by every careful stucleut. 

Escept for the safe and certain basis rrfforded by the 
science of statistics for the risks of insurance, for example, 
this great industry in all its manifold npplications of the 
present day would ha either a costly iiivestmont to the 
policyholder, or a losing venture to bhe conipni~y, and not 
the perfectly safo siid aquitnhlo busincss enterprise it nowis. 

Biologists, anthropologists, and other students of 
statistics gouorally now oniploy the exact mathematical 
mcthods of this comparatively new science with great 
aclvantago in their several ficlds of work. A few meteor- 
oloaists iniist also be mentio!iecl in this list, but as yet 
lit& hiis 1)ccn done, especially in American clinintology 
and agriciilture,l to use this science to the fullest possible 
esterit in solving m m y  of tho prncticnl probloms of ap- 
plied motcorology mid scientific. agriculture. 

P I ;  

I Prol. \V. J. Spillmsn has r e m t l g  made importaut practical applications of statis 
tical theories to the prohleins of farm maii%~ment as dependent on weather factors. 
His assistants. Mews. W. G. R e d  and €1. R. Tolley. are also making iuvesti tions of 
climatic and agricultural statistics from the mathematlenl staudpohit and use% results 
msy tw esperted. Sec MONTHLY WEATHER REVIEW, April, 1918, 4:: 197; June, 1918, 
44: 331. 
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chart, is oft,eii just, as easily formed clirect~ly from the 
observations, tdius reducing to ti minimum t,he lnhor of 
computing and t,ahulating numerical depnrtun.es. 

Lerrst .wprnrcs, m/.?r, of sq~imws.-Thrse espressions refer 
to the suiii of the! sqiiares id 6lic errors. or resitlunls, or 
depnrtures for n given gr~.iup of tlatn. l‘he i?iaigiiil,ucle of 
the sun1 will tlepentl on t 110 h e  iinml~rr w t , l i  rrferonoc 
to which t,hc cIe]~i.rt~urcs arc taken. Sonic! one htse iiuni- 
her will c:titsc tlie siiiii of t,hn sclu:i.res t.0 he a i t t ininiu~ii .  
hence the expression “least squwos.” Wlicii the t1rrt.a 
represent ph-ysicnl ineasureiiien ts, that, value wlii~:.li makes 
the siini of sclutircs t.ho leiist, is t.he most prohnble .c-alue itlid 
t.herefore tlie niost, nccurat.e vn.lue obt.ninahle from the 
data discussed. The arit.hmet.ica.1 iiie~tii is t.lie mostf 
prohnble va,lue in thc czise of ~ h ~ t . r \ ~ t i o ~ i s  of cq~ittl LI(?C:LI- 
rttcp. 

In dealing wit,li st,nt.istiaal t1nt.a. t,he niost. probnhle 
value does not. 1i:ive thc sigiiific!mc:e of the Innst, ciwii.rr!fc 
value, hut, simply is the most j k y w i i f  rti,luc. If the 
’ ’ dist.rihut.ion ” is unsymniet.rica1 the n.rithniet~icn1 nienn 
will t,lieii no loiigcr be t,he most, frequrnt. value, hut. sonic 
other value will he thc most, frequent’. The name ~ O J P  
is now used to designatme t,he iiiost, frcquent vnluci. 

Pwbrrhbs irror, 16*06(rb7(> w&it.in?i.-Tllese es]>reesions 
n,re 1iin.t hciiinbicallg iclcnt.icn1, at. 1rti.st. wlicn t.lie “dist.ri- 
h u h n  ” is norrnttl, nerert,lioless t l i i w  is clenrly nn ~ J ~ J W O -  
priate clistk.t.ion betwvcen them. The prohnhle error 
has r e f q n c e  t.o n group of iii~,a91irciiieiit.s (!f u ,fired qucrn- 
tity and tlesigiiat.es t.liat error t lian which half of t,hc crrors 
w e  ,grent.er nnrl t.lie remnining linlf nre less. The iro7)tible 
zrcr.iaat,ion refers to t,lie chaiigi~ig 1-a.1uc.s of x . t ~ ~ i c r h  f c q n n ~ r  
tit!/ arid is tlie name of that. ningiiitude of the depmturc 
which has the niiddle value, t,lint. ir, half of the cleviations 
in a giren group of data sre grent,er, nnd half are less, thnii 
t,he proba.ble ~ariat~ion.  

lirrinnf.-Tliis t.erni is frcriuent,ly used t,o designn te in 
R. gcn~ral  way any group of r1nt.n eshihit.ing \-ii.rint,lon. In 
nietrorology, for esniiipl~, t.hc rn.iiifnl1 ftir n. givc-ii priori 
n n d  1ocn.litg niiglit, lw refrrrecl t o  a.s fl i t  wrirrnt, aiicl n given 
single vn.luc ns (1 wi*iant.. 

Let m =number of wnys in ~vhicli n certniii simple crcnt 

’ n =number of wa.ys in whidi t.lie event, can fail, 
then 

If the 1~ro1~nhilit.y t.lint. the event, will haplwi bc called I), 
t.11cn 

ELEMENTS OF THE TAN’S OF PROB;\RJ I.l’I’Y. 

c’wii linpl )en 

,n +n = t.ot.nl nunil-ier of cases that. can occur. 

111 
2’ = ;,;+l;. 

pcn since 1 is t,lw iiicasurc of certainty. 
0 
I1 If ni =o1 I ) = -  =O; thnt, is, it. is certniit t.he event will fail, 

xc!rc, being the measure of complete failure. 
If n compound went  occurs when tjwo or inwe siniplo 

cvents hn.ppe11 t,oget,lier, t,lieii t,hc probnbi1it:y of the cnni- 
11ound event. is t,lie product, of t.lic prohaLilit.ies of t,ho 
siniple evoits. 
THE TIIEORT OF ERRORS AKD T H E  METHODS OF LE.4BT 

8Q1TARES. 

Thew ospressions c1esigna.tc n pour) of t.lieories mrl 
niathemat,icd niet,liods hnsetl c i n  tlic 1:iu-s of proliddi- 
ties, nll originally c l t ~ ~ t ~ l o ~ ~ e d  rliirfly by ast,rononicrs, 
niatheninticinns, and geodesist,s for t,he purpose of provid- 

ing rnt.ionn1 niet~liocls of comparing, adjusting, combining, 
and harnionizing niniiy different. nic.ti.surc‘iiieii ts or ob- 
servat.ioiis of one and t,he smie rliia1it.it.y so a.s filially to 
mcert.ain the best., or the most. acciirnt.e, that. is, the most 
1whnLle rnluo t1i:i.t coiild bo deduced from all t.he observn- 
1 ions. 

This t,!itwry, l ~ o w ~ w ,  has a far widrr applicnDion than 
simply t,o tlrrors of  nica~s~~r~niciif .  I n  meteorology and 
diiiiixtolog~ itr 1i1a.v LC R va.ludjlc iii~.t~liemnt.icn.l agency 
for iiidicnt iiig t.lie n:it.iire and amount of ‘17wi~i.~tioii. in t,he 
data cvninioiilg diwussecl. 

The theory of errors, in fact., cle21ls wibli only one of the 
specid and relnt.ive1.v simple C R S ~ S  t.hat. fall within the 
cloninin of t.lit. more geenerd t lieories t.ml)rncin all classes 
of st.nt.isticii1 dnt,n sulijcct t.o nrintions. Tfe t h e o q  .f 
.$frrt‘isf,ics is the gencrel scicncc. ‘llic t71c.oq c!f errors is the 
spwid case. C‘nre must, lie escrcisrd, t,liwcfore, that, for- 
mula and iiicthods q)propriate for t.hc nnnl-ysis a.nd dis- 
cussion of errors nf nimsureniciits are not applied t,o d a h  
wliosc laws of frequency and \--nrintion may he quite 
different, frrliii t,Iiose iq~oii wliicll t.lie theory of errors is 
c*onstmct,etl. 

It. is dso  well bnnwm t,lint. t,he t.1icory of errors-or “of 
ilcpartmeu from II inea.n ‘‘ ita t.lte blieorg iniglit be called for 
iiict.enrolt )gists--npplies st.rict.ly only t.o a vcry large mini- 
hcr of ohserrntioiis or vahtcu. Tlte smsllcr the number 
of CRSPS the less relidde nrc the decluctions by this theory. 
As  s l rcnt l~~ st.nt,cd, the principles of the theory were for- 
inulxted wit,li respect t o  errnrs of niensureiiients and 
ohservn.tions J ncvert.l~cless, under roper reat.rict.ion they 
map nlso 11e npplied to ninny stucies nnrl cliscuasions of 
stat.ist,icrtl dntn generally. In  these latter mses the ques- 
tion at. issuc is not one of c~~rors  of obserzwf.ion, in the proper 
sense of that expression. Meteorologicnl obsorvations and 
stntis1:ic.d data generally are all subject to errors of deter- 
min:tt,ic i n  or nitti.siireiiient, and i t  is often inipossihle to 
ndrc uately c+iliiiiitt,e these ~:i,iises of vnriat.ioiis from the 
 re^ I ts iiiidor discwsinn. Nnrrrl.liclees the pure. errors 
of c>hserva.t.ioii will nftcn he siii:7.11 n.nd in t he applica.tion 
of t.lie thenrios now iinilcr consiclerrttion the “~e~i(7wrbs  ” 

will he r l rprfr i rcs  fiwii  21, iiicaiii vnlne or nrhit.mry base 
nunihrr and not errors of tletciriiiin:tt,iciii. The departures 
reprewit chiefly the .rwr’!rfio,ls in tlie values of a given 
ciat,uin wit,li rrspect. t,o some nvernge or m e n n  vnlue that 
it 1nzi.y IIC. cwivciiirnt t.ci ciiiploy as an arbitar rcference 

ohserrntioii. 
Tnkc, for csa.rnple, the iiienn t,e~iipc?rn ture of January, 

or sny d i e r  iiicmt,l~ for 21 long sericss of ;yea.rs, or, better 
tho ni~~:111 triiil)erat,un% for any ilny of t.hc year. This 
clnt.uin tmids t.t i  hc :I constant. ; nc!re.rt.helcss, values froin 
ycnr to yew diff er nt(.wv or lrss froin tlic nienn, sometimes 
IiigIier, sonietiiiies I o n ~ r .  Some iiioiitjie or c1t-1.y~ ~ncI some 
localities slinw great,cr T-nrint.inns t,linn other inont.hs and 
other 1ocnlit.ies. This v::rint.ioii is n niore or less fixed 
chsritctcrist.ic of t.he givcn inwith or of the loca1it-y and 
sonic st,nlul:l.rrl in ethod of generally iiiensiiring and de- 
signci t,ing siicli varintions is neeilecl. The met,hocl of least 
sgiixrcs supplies such n stnndarcl n i e t h d  or unit, of niens- 
iirciiieiit of v:i.ris.t.inn. This unitr is IiJiciwii n.a the pr011n.hle 
wror nr, gi ring it, a innrc! nplwol)rinte 111~111e, t,hc j~rohnblc 
I W I ~ ~ U ? ! ~ ~ ? .  The t,erin sf.rn.tl!r,rrl t7ci!i:rtion. is also a liaiile for 
i l  iiot.Jier nimsiire i d  this vtiririatioii t.liti,t serves tm define 
in osirct iiicamre the varixtrioii of siriiilz1.r cliinntic, 
~iiet~~~ii~’c-~lr~gicnl, 01’ st.atisticn1 (1at.ii t.0 wliicli tlie methods 
of lrnst sqiiii.res niny be nppliecl. I’lirsc t,ernis will be 
clescrihed tincl clefinecl more fully 1ir:rcsf ter. 

At. the very outset of any gencrnl cit,teni )1; tn a.pply the 

T’IE~UP, hiit: inclut1r.s iic:vort,lteless t,he nct>ua T errors of 

iiieth~-),ds (Jf le:tst8 squmes t.o soiiic p;irt.icii \ ar dnt,n other 
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than to  c uesticiiis involving cwly e,rrors of ohscrvtxt.icin, 
it  is hiohfy iiiiportnnb to ninks sure that tlic t,lieorj- cnn 
pro erFy he applied t.o t ~ i e  pnrtim1ti.r t~:it.a in c uest,ion 

can be iiiade or not depe,nds on wliether thc law of the 
reqrserr.c!y of o(?curreiice of the large ~ i i d  tlrr sninll tlerin- 
tions from t,lic nicnli ill t,lie cl;it,a is t,lic s:iiiio gcneral liiw 
as for errors of cJbsc.rr;it,ioiw. Tht, is, thc cst,cvit t.o 
which this npplic.nt,ion is just.ified clcpends uii how c,l~-~selg 
the so-cdecl frequency curve for the (la t.21 in quCst,ion 
corresponds to the frcqucncy curve for crrors of obsi?rva- 
tions. We must tlicrefore recognize just wlint. are t,lic 
characteristics a i d  liniit.at,ioiis of tho nornid curve. 

anc Q iu tlie niniiiier proposot~. ~ i o t . l i c r  this npJicat,ioii 

A7ormal ~ f i ' C q l i . f l l  iy CII.IY'C. 

The essential features of t,hs l2iw of frtqucnc'y of occur- 
rence a€ errors is rcpresent,crd by what. is oft.eii cnllccl the 
L( normal frequency c i i rv~ . '~  This liiw of frrclueiicy is 
h o d  by three principal conditions which must be st&- 
fied, namely, (I) very amdl errors occur w7it.h t.lie gIt>a.t.cat 
frequency; ('3) very, large errors rnrcly occur : (3) posi- 
tive errors (vnlucs of the dnt4:i in rscess of tlic t~riic vnluc) 
and negative errors (va.lues lrss t h n  t,litB trur voluc) are 
equally numerous. This la tkcr condit,ioii makes t,hc frc- 
quency curve synimctricnl about the centrail rertivnl nsia. 

15 

10 

5 

0 
-20 -10 0 t 1 0  + 20 

FIB. I. Nornisl frequency curve I ronventionali. Dots rrprcscnt 01 *serwtions or valucs 
assumed to I m  wry numerous and crowlrd c1n.r together. 

Figure 1 rcpresents n norma1 frequency curvc huving 
these charnctcristics. Ewrli clot img be considered to 
represent one ohserva ticin or one mlur  of tlir departure 
from the mean, the aiuoiint of t l int  clelxirturr being shown 
by the distance of the dot, froin tlie c~i i t ra l  line. All the 
dots ccmprise dl the observations. 

Scientists litiw determined that tlw norniiil prohbilit y 
curve of the kind shown in figure 1 is l m t  rrprcsrnt.ed by 21 
certain esponentinl equation which writ.tan in a form 
commonly found in the testbooks is ais f o l l ~ ~ ~ s  : 

niluc of It., however, siwifics that. t.hr mcmurcnients or 

thnvia tiuiia :ire numerous nncl  Iiirgr OJICS sc+ltlom occur. 
'l?hc curw in t.liis c : w  will 1in.w such a form :M shown 
nt  c or (I in iigurr 7. 

Awrirdiiig t o  ccli1ai.tic.m (1) the frcqucmq curve has 
l~r;i~icli~:s 011 t.lic right) a.nc.l IrfC rstentling t.o infinity, but 
( ' i T t J I %  I J r  (lt!j):i.rt urvs evm approaching infinitt? magnitude 
(lo i i t ~ t .  (JC('lI1'. IIc1ir.e we niust recugnize t,liat equa- 
t.ioii (1 (i~ily :il'p.osiiiia.t..c-lly rcpresents t,hc rcal case in 
n i l  t,urt-. Nt~~-t~rt.lic~ltw , t h  iiiat.lit~mat.it.nl curve can be 
111:1c\c~ 1.0 lie SIJ close to t . l ics  btisc line as to rn.ct.idly coin- 

I t  w-as iiientioiiecl with respect to figure 1 that all the 
c1ot.s comprise all t,ha obsrrvntions. In an analogous but 
niore geiieralizecl sense tlie en t,ire wta. under the curve 
iiic!utling it,s 1miiic.lies to infinity, ropresenk all possible 
errors; txiicl the :wen. under the curve between any two 
defiiiiiig vertical lines in proportmion to t.he whole area rep- 
resents the proh2tbility of the occurrence of emom of 
sizes lwt,wreen t,he defining lines. 

1VIicn we uiirlcrtake to study t,he variation of statis- 
tical (letti generally, it is quit.e obvious we must, espect to 
find frequency curves widely cliff went from the normal 
error c i i rrc~  Pen.rson and otliers have classified many of 
thesic. curves and det,erIuiiied their general equations. A 
j'tw cst,renit: t.ypes :ire selected liere to illustrtite t31ie pos- 
sihilit,ics mid we shown in figures 2-S. 

dat,:l. RI'C g'-rO"I>"Cl clos&-  about^ the lllPil.ll vnlue, small 

cidc with it, 11.1. the liniils of tLc? rtnigc. of c P >\.tu. 

:# I~nfortuntltel?'tlrcrturiately,tlw dcsignation "asymmetrical" is freyiwntly ap l i d  hv high suthw- 
itier t.o curves whirh arc hilt slight1 iimaniluietrir~l Clcarrross orexpwkion and con- 
sisteiirv seem to jurtifv restricting t i e  u i  of *&as .mnietriral*~ to cases 01 total shtice of 
s).nim&ry. nnalrigousiy with the application 0% "aperiodic" to motions of harlnonio 
rhtracter but devoid of period. The word '~un.~imnetric31'' ma then he emploved 
to dcsiguate frcaluency curves that are neither p+wtly symmetricpl asin the case ofthe 
nornlal curw of errors, nor yet conipletely devoid of symmetry aa in the c t w  of the truly 

4 Cornslock, George C. Methods of least squares. Boslon, is%., p. 5. ssynmetrical curve. 
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ages for certain infnn tile and children’s diseases, like 
chphtherin, etc. A curve of this type shows also the (lis- 
trihution of wealth. 

c 

FIG. 3. Unsymnietricd frerluencv riuvr. 
.lIl=Thr mean or averipe value. 
M:-The median or \-alii@ 01 ~iiidtlle niagni tilde. 
&=The Alixlr., the iiinst Irecliitwt vnliie. 

Figuro 3 shows an unsymmetrical curve re ~resent~ing 

tyyniniet.ry. Such curves n1n.y he classified hito several 
distinct t.ypes according to significant matheninticad 

Q ~ P P L W E S B  is tuiot;her term employed to indicate Inck of 
symmetry in a frequency distrihut,ion. 

Some kinds ot dat,a are most convenieiitdy ~ l . d y ~ e d  in 
clatsses or subgroups. For esam ,le, the diffrreiit :i~xiioun ts 

In such cases n frequei1c.y clingrani like figure 4 is cidlec :I 
ficquc.n.e!/ p l y g o w . .  In these cases t,ho frequencies are 
‘imagined to be concent,rated on the central ordinates of 
the successive groups, and this ninthod is frequently 
s okeii of as t,he method of loaded ordinntes. Aiiot,lier 
i B ustration of n dirtgrnni of this charact.er is found in 
figure 1s. The same tlatn may he represent,ed also by a 
system of rectangles like figure 5, which i.~ sonietinies 
called n 1iist.opnm. 

iiiaiiy classes o f  dntx, esliihiting vnrying c t epees of 

criteria distinguishing between their equ* ‘I. t,’ lolls. 

\ of rttiiifall at’n stat.ion liiiiy be s f iown in hdf-iiwh grou )s. 

FIG. 4. Afre iienc! polvaoncshil iling FIG. 5. A f r c q i i e n c ~ d i ~ m a ~ ~ i ~ ~ i i t l i n e ~ l ~ ~  
rcct nng,lrssninel iims rallctl a hist ngmni. tlic irregi&ritiii or ictiinl data. 

Figure 6 is n n  unuaud  type of f recpncy ourve drawn 
from cliniat,ic data arid showing t,hc frequency of e h -  
niated cloudinss at Breslnu during the I O  years 18i6- 
1885. ,4 coni letaely clouclecl sky is t;ho mosts fre uent 
condition, wlii f e a perfectly clenr sky is the con a ition 
nest, in order of frequency. In t,eri;r.dinte percentages 
of cloudiness me more ril,rc.. 

Prnlw-tits of t / ic  probnbilit!/ cvrw.---Tlic. noriiiril cwor 
ciirve hns 1~ nunibc~r of iii t.crest.iiig pwprt. irs,  scme of 
which will he hricily consiilerc-.tl. 

The fund;unicntnl cquat.ic,n of t l i r  curvi~ is 

~ _ _ _ _  
a I%le, 0. Udng. An introduction t o  tho thcory 01 statistics. J,o~iiIon, 1912, p. 103. 

FIG. G. Unrisuol Irequency-curve representing cloudiness. 

The curves in fieurc 7 were drawn from the data in ” 
‘r;ul)ltb 1 , bclow, giving d u e s  of y for n serics of values 
of .r in ecluotion (1)  and vttrious vnlues of 7~ The loga- 
rithmic form of equntion (1 I is eniplogctl for CiISy r o m p -  
htions, thus : 

7b -fi$ 7t. ,’t = - - -e  or log y =log -& - h?s”og f. ‘ 6  

(1 R) 
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E= 0.6715~ = 0.67-15 

1kwnpr.f. (.St.nt.ist,ical Methods, 1915, p. 16) ekes esscii- 
t,inlly t.lic. sniiie vnluc. 
'l'h.~ f ~ i r ~ i i d : ~  111ttg properly I-,c :I. plied ~ 1 i ~ 1 i  il. l ~ g ~  

innccuratc for small railut-s of PL hecnusr tlic fiumiula is 
deduced uiidcr m:i t,hctmnt,icn.l issuniptions tlin t. Ex? rcp- 
resents t,lic, sum of squares for n lnrge iiuiiiher of vnri- 
atioiis. Wlicii these reciuirenients ciin iiot hc! regertled 
ns sntisficd, i t  is cust,oniary to use t.he fi)llowing formula: 

nuiiiher of obscrrnt.ions, 1 1 ,  is nrailnb Y e; but. t,lie result is 
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in the foriii in which logarithim are co~iiiiioiily tabult~teil. 
Figure S is the grtiphic represeattition of the equation (.GI. 

Tables e of vttlues of 1 ohtained l y  this ncpiiiiwi iwt: 
to be found in many of the standnrd w(irl<s on lcast 
squares, etc. 

When S = 5 ,  I7 is less thsii 0110 piwt in iw,of)n. 
While the 1ater:il braiiohos of thc c w m  astcmtl to f vs, 
the actual osteiisicm heyolid S = f 5 is th~!rdorc nlninst 
inappreciable. 

The followiiig values servc to plnb the C I I ~ C A  sh~wt i  ill 
figure S. 

6 Durmporf 1:. B. Statisti~:tl~Iet.hnds 1914. TntJlW I11 rind IV.  
Blrrppnrd, ;I: F. New talrlcr mi the ;;obahllity inlegml. Bioni.. F ~ J .  1903, L: 174. 
7Prnrma,Ii. Varlationof lheegg of thesparrow. . . . Biometrilia. I ,  Jsnuary,p.?til. 
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difficult cases by the niethods of least squares is a t  tiines 
iinpracticable or ereii impossible, and Pearsoii * has 
developed and applied the matliocl of nioiiienbs to curve 
fitting. By this method the area under t,he iiiatlieni:~.t.icnl 
curve is eyuat.ecl to t,he area. represent,ed bv soiiie sniooth 
curve passing through the observations. 111 addition, one 
or more successive nioiiient,s of the curve (expressed in 
teiiiis of the constant,s of tlie e unt,iuii) are equated to the 
correspoiidiiig montent,s of t,he x a h .  A sufficient number 
of simultsiieous eyua.tioiis is thus oht:tiiied to evnlua.t,e 
the constants of the niatheiiiaticd e untioii. 

identic~~l wlicii eiriploycil in fit.ting p:tr:~liolic~ curvrs of 
niiy ortler to obstrrvntioiia, hut the solut.ioii by n!iiiiw~tts 
in the case of csponential and ot,licr tmiiscci~tl~iit.ol 
equhons,  :I nunher of wliicli are iiirIi~i~(~iis&~ljl~? iii sta- 
tist.icii.1 st uclics, off cr in I portail t :I dvmi t :ips. .it, t he 
best the procwses are roruples niicl tdious;, I ~ i t ,  iiiust. Iio 

iii~stercd to IL certain cst,c.iit, 1)y t h s e  stuileiit,s in thsc? 
fields of iiiqiiiry wlin woulJ :it.t.:iiii the liiglictst rclsulfs. 

The methods of nionieiit,s nnd o 4 lcnst sclu:ires :ire 

This apptireiitly coniplrs e~poiitwti:11 cciuntiuii for thr 
normnl freqwiwy curvc is very inrl)ortnitt iind p:irtivu- 
larly int,erestiiig 11s it redly coiitniiis 1)ut one iin(1~tc~r- 
n:inetl constnnt. The iiiost prohnhle n l u e  of this ti::i?; 
be pery e:tsily found for :I given set of dstn. 

These are equait,ioiis nf struigltt, lines-ii1 tlirougli the 
origin incliited 45O, (1)) through the origin iiicliiietl at  
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finity), in tlie second the asyiiiptot.es arc nt, distmires 
14 and from the nxes. b C 

This represents one of ninny forms of esponent,inl equ:i- 
tioiis. Its logririthiiiic form is, 

y = a p  (12) 

log y = n,  -I- ( 13) 

in which Q, =log (/, niitl 7ri = b log (1. 

Much cnrdul ntt.eiitioii iiiust be givaii to fincling the 
Lest viilues of tlie coiistnnts of such equ:itions so :is t i )  

properly fit the c1nt.n. ‘ h e  textbooks s l i ~ ~ d t l ,  but clo 
not eiiiphusize tlic fnct, t h t ,  t ho  lemt squzirrc iiietlioils 
ordinanlv empL,yecl to deteriiiiiie the inost. prohnhle 
values of u, nncl bl in equations like (13) iiiity in tlic case 
of inesnct &ita lent1 to an cqiintion that, fit,s t,lic ohscrvn- 
tions wretclieclly. 

The niatker is too iiivolvetl t.o ilisciiss in the present 
pnper. 

(14) 

Data which cshihits periodicit,y niny 1,~. represen tecl 
best by trigoiioiiiet.rici\.l equations like (14). hdtli- 
tioiinl teriiis with successive niult.iples of  t,ho :i.iigls 
miky be ndclecl lor niwe c.oniples forms. 
ret.icnlly such nu eclu:it.ion wit.li dticiei i  t t,eriiis c:iiii bc 
made to rcpre3ent tiny prioc-lic. curve wli:it.svevrr ctr 
f rapient  thereof, the WJrk or I imiimit :  ~iiidysia m t l  
curve fitting IJf  coniples curvcs lilrc tlic! t,icles. eti.., v i ~ n  
be succ?esslully carriocl out only with cl:hor:at.c! inst.ru- 
ment,s wliic.li have 1Icai i i i rentd for tiic purpose. 

!J = a + 71 sin1i.r + cosiix + , etr. 

While 
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Figure 10 is an example of the simplest method of determining by 
the dot chart whether the relation betweeu two factors is linear. Thlv 
chart shows the relation between the average rainfall for the States of 
Indiana. Illinois, Iowa. and hIissoiiri during the month of July and the 
average yield of coru per acre. In this mse it will be seen that there is 
a fairly regular increase in  the corii yield with an increase in  tlic rain- 
fall. and while there may be B slight tciidmcy to a decreacce in yield. 
with the greatest rainfalls, nevertheless this is not siguificant. hi y 
value for the correlation coefficient was + O . G l  fO.OS. 

40r 

' 3  i IA-- -L_i  JULY RAINFALL-INCHES 

Figure 11 indicates thc- positiim of tlir (lots wlic*n tlic line t i f  closcxt lit 
is nearly parallel with one of the ascs--in this c'we. with the axis of 
abwisse. The mrwlation coctficient fmm this tnlculation is only 
-0.14, tiiris agreeing with tlic promiscuous scat teriiig of the clots. 

FIG. I?. I b t  chart d yield of po1:dors and twlpcmture in  which line of :iyprosiiiiate 
rrlulion incliiws to lhc Icrt. 
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The correlation coefficient was found to be -0.0045 
showinu no relation. The points are shown in figure 13. 

A s t a  more interesting mse has been worked out by 
Mr. W. G. Reed, of the United States OEce of Farm Man- 
a ement, who has analyzed clatn on the tides mcl phases 
o f the moon. 

A coeflicient of correlntion may Be near zero when there is very rluse 
relationship. iis is shown in such a voidition as the relationship l:ict.\\-eoti 
the height of high wat.er and the phase of the moon whit4i ia ehnwn for 
Old Point Comfort.. Va.. figure 14. The ti.qire indivntes that t.he rela- 
tion is harmonic. Alt,hough there is a close and very detinitc relat.ioti 
betweell the phenomena. the coefficient. of correlation is near zero 
(O. lO( i&O.OSN I~t~cause the different port.iciiis of the twrw of rrlntion 
are such that a straight, line along ai1 asis will most. newly sat.isCy d l  
the poi1it.s. Of coiirw, t.he angle is then zero and it.s t.iingi*nt is zeri.1. 

D ~ E O I C ~ C O  HCY~HT OF T ~ C  H I G U L R  H I G H  WATCS me EAGH DYV AFTER NL'N WOON 
1 1 7 1  .I,DOICC 70 MU" *a011 *..U ,M*Y,.#I  0.0 _In. L v L l r " " . l l  

. s i  ..... .lb *. . s ...... J."...,. I.#. L.,- m 1 .n.r ,,e ..... 
.... ..... 

...... 

...... .. 

DAYS AFTLR NEW YOON - J U L Y  E9.1916 

FIG. 1.1. Tidal data awl phsses of the nioun with wry  definitr rrluliun I . i i t  law \ : i l ~ i i s  
of ctleliicirnt of correlation. 

- -20 3 0 +10  +20 

FIG. 15. Dot clliirt of freqiiency of depnrture of July daily i imm IPliiIJPI'ntliI'C Iron) 
norinal lor niilnj yews fnr Spriii?iiel~l, 111. 

These illustrations are given to show t,he iiii wtiii1c.o 
of the roper use of the correlntion method of mi:i I ysi.3 n n r l  
shoul 9 not be construed bg the render 8s discreclit.iiig t,lie 
value of the principle when employed in 11. lrgit,inint,t! iInd 
intelligent niaiiner. 

EXAM PLER. 

The esnniplcs given helow are selec t d  to illiist,r&! t,hc 
c. iccil :ipplirat.ion of t,he prinri des wcseiit,rd in t.he 

P::iioing and give the student, a f i h r  i L t  of t,he clct,:i.ils 
of solving actual problonis. 

Noriiid frequency C U I ' V ~  r~preseiiting ilt.1>i>.rt.i1rc. t if 
daily iiieitn tcniperttturw frmi t.lic? i10riii:il or a.re~*iigi~ 
for the day. Data sclect.ed from observnt.icms at Spring- 
field, Ill., illicl Fr~110, C d ,  for 1 ~ 1 1 i t ~ h ~  ~ h e ~  the t ~ . \ ~ ~ i g c ?  
for t,he month wits wry nearly normal. 

Figures 15 and 16 illuatmte by dots the depnrtwes 
from the noma1 for each day for n year's obseirabioiis a t  

each station. The accuracy of the data is iiot now a 
question, as its present purpose is to serve simply as an 
esanipk. 

The relatively small anitmiit of d a h  ag well as the iiiesact manner 
of its compilation and the tenrlcricy of cliiiintic data tn eshi l i t  wide 
Auc~tuutions C:IIIRC' marker1 irrrgilurities and almmnalitiee to appear 
in these I'reguei1c.y polygvns. w e l l  whun srvera1 hundred observation8 
iire avnilalJlr.. The data fnr Kprin~lit~ld show more dispersiori than 
thuee fur Frcsiio. with :I slivht esvess of positive clepnrtiircs. The 
iweatiw c1epsrturt.s are in excess f ~ r  I*'resno find there the departures 
show iioticenldy lees dislwrsim. hliirr ol~scrv.~tioi~s are rcqiiired to 
deirrliiiiie whether or hot thvae fcntures are real vh:lra:tcAristics of the 
t*liiilste nf lhe ~ N I J  statione or :ire due to rrrnrs from dropping decimals 
anid other act-idental i m s c s  iilrident :n :he method employed in  form- 
in< these particwlur drpartiires. These matters. hnwrver. need not 
(vmt.ern 11s IIIJW, as niir prewiit objevt is to illlistrate methods rather 
than estiildish definite favts. 

Wr, therefore, siiiiplp combine tlic two sets of data 

FIG. 17. ('or~ii~ined Ire1 uencies 01 Fprinheeld-Trcsno temperature cleparturen and tlle 
uoriim~ frequency curve of best flt. (See equation 16.) 
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Pimcf ica.1 ca,ll.u 1a.tion. of the stcr n da.rd dwiktio n..-Tnble 2 
gives t,he data and steps in the coniputat,ion in full. The 
calculation is such an important one on account of its 
frequent occurrence in physical and stn.tist,ical work thn t 
it justifies special notice. 

111 equnt.ion (4) on pnge 557, Sigmn 9 (S.P) must 
represent tlie Icast sum ,if' squaws. As tdrendy esp1:iined 
this sum will be the least only wlicn the depnrtures nrc 
taken with respect to the true mean. 

Now, ordinarily, this kind of R departure can not' he 
tabulated acpura, P ~ecause the mean value generally 
ends in 11 i ong ' ' d  ecinid "" ' which it is impracticable t,o retaiii 
in t.he computat,ioiis. Nsrert,heless whnt,ever part of the 
niettii is rqlected causes the suni of the squares to be t'oo 
large. Fortunately the esact, viilus of the excess caii he 
etwily found so thnt in prtictice i t  is more coiivenieiit to 
select sonie arbitrary nunil)cr, generally near the nienii, 
and form tlie de nrtures wit11 respect to this vdue. The 

the exact vdue  of the mean. 
Ol>viously, we need some conrcnient nonit?nclnture to 

iiidicate to the eye wlit!ther, for esnniple, 21 giwn suni 
of squares, as also other related qu:intit.ics, is h n s d  on 
de wrtures froin tlie true nican or from soiiie tirbitmry 

S r ,  Zx3,  Zxy, etc., deaignute the sums of the qu:iiit,itic?s 
represented by x, 2, t y ,  etc., wheri deptirturcs tire c..c1lc.u- 
luted from tho true nieau. 

[XI , [J?], [ty], will i1idicltt.e the sunis of departures t&eii 
from some arbitrary number. 

We now need to know the relation between Ex2 nnd [x'].  
According to Yule la and other authorities this relation 
is iridicnted in tphe r.ustomnry equntion for the strrmclau.d 
deviation, which may bs written thus in our iiotation: 

niinimuru sum o F squares can then be easily fou i ld ,  :IS JSO 

re 1 erelice nunil>er. We l>ropose to adopt the fo1lowii:g.: 

............ 
-1860 

in which d is the difference lxtween t9he true mean and 
the base or reference nuniber used in forming the dcpnr- 
tures. Wlde niat~heniatically esact this forin of tho 
equation for u is faulty and trouldesonic from the com- 
puter's oint of view, bocausc! tho term d2 can not be 
accurate! computed by sciut1riri.g d unless the lntter is 
conipute with more significaut figures than is otlierwise 
necessary. The remedy for this is found by stating the 
equntioii in the following iclenticd form: 

14 ................................... 
16 ................................... 
17 ................................... 
1s ................................... 
20. .................................. 
3 ................................... 

Pnsitive dopartures.. ................. 
Zero ilcpnrtiiws.. 
Negative di.pnrturcs.. ................ ..................... 

Total. .......................... 

where [XI' is the algebmic sum of the cltpirtures squ.ared. 
Ordinarily this sum will be coni uted any w t ~ y  :is a check 
on the work. It will gc?neraUy \ e n siiii& iiuinIm whoso 
s uitre cnn be exactly conilmted, tis also t?lie quotient 
[jZ,n., thus giving wit11 tlie least amount of work tlie 
minimum sum of squares Exa = [2]- [xI2/tt.. All tlic work 
is shown in Table 2. If Jf is the ap irosiinnte iiieaii or 
base number, tlie true niem A is founc I from tlic following 
equation : 

A = -11- [4/n 
In the present example tho quantity 9 has no specid 

significance in connection with the tmeniperatmure c1at.n 
because of the nimner in which the ciepnrtures mwre tl:ike:i. 
It does, however, indicate thnt the iiornial curve of best 

3 
1 
4 
3 
1 
2 

344 
37 

350 

n-[V1=731 

I* Yule, Q. U. Introduction to the theory of statistics. p. 135, equation (4) trans- 
posed. 

7116611-2 

fit is shifted by 0.0506O towiwd the positive side of the 
axis T, nnd tlint the cleptwtures wore taken from very 
Iicarly the true incan. 

TABLE 3.-F,.r.sno-Spi.in~~el~ fcnipcruture departure data. 
[Degreos F&enheit.] 

n. 

1s 
4oc 
361 
324 
2 j C  
225 
198 
169 
144 
121 
100 
81 
GI 
49 
3ti 
35 
16 
9 
4 
1 

1 
I 
9 
16 
25 
36 
49 
G4 
81 
LO 
121 
144 
169 
1% 
2545 
2S9 
324 
400 
5m 

...... 

...... 

w. 

- 2 2  
- 40 
-38 
-36 - 16 
-30 
-140 
-65 
- i 2  
- 8 8  
- 1,s) 
-98 
-144 
-175 
-2% 
-170 
-156 
-153 - 62 - 40 

+ 4 1  
72 

13s 
132 
l i0  
174 
203 
200 
135 
110 

81) 
91 

191i 
2s 
16 
li9 
54 

40 

LW7 

............ 

m 

m. 

451 
800 
721 
618 
256 
450 

lwx) 
615 
sB4 
9GS 

1.W 
691 

1152 
1225 
1368 
550 
621 
459 
I34 
40 

11 
114 
411 
523 
550 

1044 
1421 
ls00 
1215 
1100 
1081 
1152 
2535 
3% m 

1156 
873 
400 

1058 

33594 

........... 

........... ........... 

(37)2 
n hliniiiiuni sum of squares = 33SS4 - - = 33892.13. 

S t n n d d  deviation = u = $33? -- = 6.So9. 

Tlir fiiiul result, of the analysis of the Springfield- 
Fresno ten1 wraturc rlatn, assuming that the saiiie law a - 
lies to hot \ i stntions, is the frequency law given by t R e 

f o ~  1 owing 
u (standnrd devi:ition) = 6.809' F. 

ant1 hg substituting u in (5 )  we haw 
y (frecluenr..~ of tlcpirtures) = 42.S3r-0.010783fl. (15) 

For eney cnlcu1:ition of values of y the equatioii (15) 

(16) 

niap be put. in the form 
log !I = 1.637-2 - o.nnm3xz 

whence the following vnlucs of .r and y are derived: 

r ................... 

y .................. 

We w-ish to knob- horn rtiuch confidencc mag be placed 
This is ascertained by comput.ing in thcse final rcsults. 
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1w.. ........... I 9.w 

1SYS.. p.ou 
lsgiHz' ............. I - ;ti, ; i 1 9 . 3  

........... ............. 1SW 1 1.5 2 . 5  
115  .............I 4.7 j 3.i ~ 2 . m  

18 Daoenporl, C. B.  Statislicnl mellids, 1914. p. 16. EU-f0.6i45u/&u. 
14 See above under " Prob~I~Ie error.'' p. 557. 

1E.U 
1'23.3 
64.u 
B i . O  Xr= 109.0 

(Xrp-ll,Sl 
l l ~ 1 . 5  Zp895 

There will be in nll 3s equations and, according to the 
niethoils of least scii~res,  thc iiiost prohahle values of a 
and b are given by t, ie solution of t,wo norniul e ~ n t i o n s . ~ ~  

HuZc.--'l'he norinid equation for ci. is formed 'y niulti- 
plying each ohservnhn e unt'ion by the coefficient of a 
(w1t.h it.s proper sign) in t. Y int equnt.ion. T7ie su,nr. of the 
rrsu.ltitig cqwt ions  .is t7i.c ii.ormn7 tyuution jhr (1. 

Likewise t.lie nonunl equation for 6 is formed by 
niult,iplying ewli observnt,ion eclun.t.ion by the coefficient 
of b in t h t  equation. Z'ht R U , ~  ?f the rrs.u7tiy r~u(itioiis 

The two iioriiid ec uat.ions thus 01, tainecl are siiiiulta- 

Chrrying out t,he operntions indicated the nornial 

Y i 

is tlw norull.lrl t~r/ilntion..fo,. b.  

news equat.ions nnd t \ ieir solution gires the moat probable 
v:dueS of (I till11 2). 

cqu:itions i i i q  be writ.t.en in this forin- 

Zy =,mi, + ZJ3r 
S r y  = nZr + 1x1" 

Thesc equnlions give 

1SW ............. I t i 7  i 3s I 44.s9 I m.; 

18Y9 ............. 3.6 i! z:$ :::: 
icmi 2.0 

37 19 3 . 1 0  4.m 1 ~ .  35.0 R 

............. lS9i 3.3 m YS., 
lk9S ............. 3.0 32 12.51; 115.2 

1900 ............. 1.8 

1902 ............. 5.4 
............. 

lW3 ............. 3.S 31 14"4 "'" 
1YW ............. I 4.2 32 17.M 13a.4 

TVhcn 71 is found, 

srp-472.50 
Zi'#=3,551.9 

(~r) (~y)=97,555 
niXr+= 13J31.68 

n!%f)- 1WJ.293.2 

1110 93,2-97,5:j b----'?- . 

In thel:c e untions S r  is the sum 01 tslie rniiifnll aiid Zy 

riiinfall hy yield, nnd 3r2 is t,he sum of t.he sclunres of the 
rainfidl. These v1i111e.s are siinilu to qumtitice that 
require t.o he coniput id in foriiiiiig tdie correlation coeffi- 
cient nnct t.he iiori-mntheni~it.icn1 stuclent, does not need to 
liniw how t.o llctluce n.11 1.lle cqu:~ti~~ns,  but siniply to be 
able t,o perform the wniput.nt.iim sliown in Tnble 3. 

TABLE :<.--Jitlg rahficZZ a i d  yicZil oJcora./;Ir thc Slales ofIo7c~a, Illissoztri, 
Illhiois, and Iiw'iunu. 

Se%. I Rain. r. Sield, #. f l  I r y  1 Computation. 

t,he sun1 of t. 1 ic yields. Sr!y is the slim of the produc.ts, 

~- 

I I 

1905 ............. 1 5.0 

118 ............. 3.9 
1MY ............. 
18iN) ............. 

, 36 I S.00 lW.O ! l%Bl.'S-ll,Sl 

1900 ............. 3.0 
1917 ............. 5.6 
1WS ............. 3.3 
lam 4.7 
1910 4.6 

........... 1911.. 2.1; 
1912 4.0 
1Il13. 2.6 
1514 2.1 
lw.. ............ 6.8 

Sums. .......... 1 109.0 

............. ............. 

............. 

i 
............ ............. 

33 G . i G  

W j 4.11 55.8 
31 i 46.24 210.8 

S95 I 472.S 3 , S i . g  
! I --- 



OCTOBER, 1916. MONTHLY WEATHER REVIEW. 565 

f2 13.00 previously found. f4 ..................................................... 12.13 
*5 11.52 
*7 10.02 
*10 .................................................... 7.46 

..................................................... 

..................................................... Problem III. ..................................................... 
Variation in December minimuiii tneniperstmes itt *is 3.62 

i:!: 
.................................................... 

Rashingt,on, n. C., 1873 to 1915, inclusive. 
afford an illstruct,ive i]lust,ratioll of tile a.pplicnt.io1i of t,llc 

Tlirsc data 

From 18'72 to lSSS 

::!::::::: :: 1:: 1:: ::: ::: :: ::: :::::: ::: ::::::::: 1:: ::: :: 
*BO 
*35 .................................................... 0.1 

11.07 .................................................... 
nietliotls of statistics to climatology. 

The equation of the straioht line that hest fits the data 
of Table 3 and represents &e relation between the yield 
of corn and the ,July rainfall is 

'y = 34.07 + 2 .03~ .  

This equation indicates that if r i.; 1? y =  24.07 
+2.03=26. If ~ = 6 ,  y=24.07+12.16=36. Two poiiibs 
like these suffice to locate the line of best fit 011 tho tlin- 
grani, figure 10, tu a t  y, and y,,. 

The coefficient + 2.03 niems t1ia.t each inch of incrciise 
in July rainfall will add 2.03 bushels per ncre t.0 the yield 
of corn in the States considered. It must he untlrrstotxl, 
of course, that the law of relation roprcsenterl 11.v t,lie 
equation is purely an arbitrary one and npplirs only to 
conditions .within thc vamp yf the wcotds  discu..s.id. 
Moreover the relation is only a.pprosiniut,e, as is slio~vii hy 
the coiu aratively widely scnttered distribution of the 
dots in &ure 10. Obviouslv other fact.ois tlinn rainfull 

14.12 13.55 
13.00 12.58 
12.22 11.88 
10.36 10.21 
7.29 7.39 
3.05 3.34 

1.10 

0.M 0.05 
0.003 0.01 

::E 0.28 

1 

1 

1 

45 40 35 30 25 20 15 IO 5 

24 

23 

22 

21 

20 

19 

18 

17 

16 

15 

14 

13 

0 5 1 0  15 20 25 30 1 0  15 20 25 30 

FIG. 18. The departures, above and Lelow 30' F., of mininluln temperatures of Washington, D. C., for Drceml;er, 182 to 1915. Also normal Ireqncncy ~UTVB of beat flt. 
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4 
5 
6 
7 
8 
9 

10 
11 

The results of tlie calcu1:ition of the frequency curves, 
resent.ed in Tahle 5, show the c lo~e  ngrcement in the 

L a .  
TABLE 5. 

11 a = O  A - 0  
9 b = O  - 8  

9 d = 2  D=27 
11 e=15 E -37 
9 f = 5  P=32 

11 g =  7 G-19 
9 h - 0  R-7 

11 c =  8 L 8  

Oldoffice, l i y e N s  _._____ 2S.6 
New ofire 27 years.. . . . . . 25.6 
Wholeser&s,44 years ..... 2S.I 

TABLE B.-IlIzurtraling elimination of abnormatity due to prepondmancs 
of eoen ilalitea of data. 

I I I I 

I Frequency. 

Obsen-ed. Equalized. 
- 

I 

. in csaniinntion of the origiiid tlnt,a shows that 110 plus 
clop:uturc? iii t?xi:css of 30" h w  occurro(1, but, 011 the other 
hntttl, ti?o 1iegxtit.e depti~rt~uws osceedii!g 30" have 
occ'nrrec-1 in t,he 14 years c:o~iipriseil by tlie rccord. Fur- 
t,hmiiori?, r i  c.rit.ical esiimii~nt~ion of figure ls clearly indi- 
cut80s t.hnta t . 1 ~  positive and negative clcpnrtmw arc not 
equd in iiunil~or or strictly syIiiiiict.rica1 in arrtti;genient. 
For t.hc h s t  results, thcrcfort!, M-C rqui rc  an unsym- 
iiietricwl t,ypc? of curvc, such as sonit? of the types proposed 
by Poai.soii. Bl r .  Howml R. Tolley, of t,hc 0ffic.c of Farm 
Alitliilgiwicl I t,, lins receiitly ctevolopetl a relutively simple 
niotlification of the iiornird frequency equnthm not yet 
tlcsorihotl ai?d puhlishetl,~7 that is 31) roprinte for repre- 
senting the mocleratdy unsgmiiietri~:a~ or skew frcquency 
distriLutions liliely t.0 bt! fomid in the analysis of nearly 
all cliniutic data. 

The cliscussion of unsynime tricnl clis tributions, however, 
can not ?it: inclutled in the presetit, paper nntl iiiust be 
reserved for lut,er 1~resentntioii. It may be appropriate, 
liowevi?r, to point out here that  systematic and consist- 
ent lack of symmetry of n frequency distribution indi- 

1' To appear in this REVIEW for November, 1916. 
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cates that some one or more influences are acting which 
tend to make deviations of a >articular kind or class to 
preponderate. The thing to  ct 0, therefore, is to discover 
and eliminate the preponderating influence. This pro- 
cedure should ultimately suffice to reduce all distrihu- 
tions simply to the normal error curve of best fit. 

Exmiplc IV.  

Practical calculntioii of coefficient of corrnlatioii, ?isin:: 
data in Example I1 on the relntion betwiwn July rnnd:dl 
for the States of Indiana, Illiiiois, Iowa, :mcl hfissoiiri, 
and the yield of coni per acre. 

Tabla 8 gives tho dntn aiicl tho coniputatioiis in full. 
In the case of thc rainfall tho ilo m-tures are r.imipiitmc!d 
from the arbitrary number 4.0, ani f 33 is n?i :brl)it.rarv bnso 
number used in tabulating tht? riirintioiis in yield nf coni. 

As already csp!ainerl OH pt!gc 563 i i i  tmhc prwticd c d c u -  
lation of the staiidnrd devintloii, the use of thc d ) i t , r w y  
base numbuis causes tho sums of thc squnres to hc too 
large. The sum of the protlucts represented bj- .I-!/ is also 
too lsrgc for the same reasoii. It was shown tlint t.hc 
miiiinium suiii of squures is give11 by the eqii:itii.~ii 

TABLE $.--CoeJicient of correlation between July rainfall in Indiumi, 
Ill.iiaois, Iowa, aid Nissoicri and the yitld of corn per awe. 

[By J. Warr~n Bniitli.] 

- -. 
Indrs .  

l8SS ........................ 3.0 

1SW ........................ 2.3 

ls9l. ....................... 3.0 
IS92 ........................ 4.4 

lS%. ..................... .I., 

14 96 ....................... 6.7 
1.97 ....................... 3.3 
18 9. ....................... 3.ti 
1399 ....................... 3.B 
lbwn ....................... 4.s 

1(10? ....................... I 5.4 
1903.. ..................... 3.8 

lsoj. ...................... 5.0 

1 0 6  ....................... 3.0  
1'JOi ....................... 6.6 

l!n9 ....................... I A i  

1SW ........................ -I - 4.6 

i 

i 

ISYJ ........................ 3.0 
1.9 I W  ....................... I 

igni ........................ I - 2.0 

19n-1 ....................... I 4.2 

190R ....................... 1 3.4 

1910 ....................... ! 4 .6  

1911 ....................... I 2.6 
191? ....................... 4.0 
1913 ....................... 2.6 
1914 ....................... 2.1 ....................... - 6.Y 

Depar- 
ture, z 
- 

- 0.1 + 0.6 - 1.8 

- 1.0 

- 1.0 

+ u.4 
+ 2.7 

- 0.4 
+ 0.s 

+ n.4 

- 2.2 

- 0.7 
- 0.1 

- 2.0 

- n. I + 1 . :  

+ 0.3 + 1.0 
- 1.0 + 1.6 
- 0. i + 0 . i  + 0.6 

- 1.4 

- 1.4 
- 1.9 + 2.s 

f 0.0 

I 
2]= .......................I........ b ase NO. - 4.0.. ........................... 

-16.5 
+13.5 

- 3.0 
- 

............................... II Yean=J.n+q 2h - 32.9 

Arrortlingly, we linve the followiiig formil= for com- 
piitation of t1.c cocflicicnt of correlation: 

Stniidnrd dcrintion (rninfall), 

1 - 1.2 
Pro1)nl)lo crror ot' c:ozlfi!:icnt.=E,= *0.6745-= f0.12. 

T11:1t. i.3, r =  + O.GiJ*O.12, which J m ~ ~ I l ~ t ~ ~ i ~ 3 ~  represent 
a fair1.v i.!he order of corrclntioii in probleiiis of this char- 
acter. 

The equlxt,ion of t.he straight line defined by the coeffi- 
cient of corrclntioii nnd expressing the direct influence of 
rainfall on the yielil of corn as shown hy the dntn analyzed 
is : 

;I/ = r-!x = 2.027~. 

J. 

34 
x9 
3 

31 
2s 
2s 
24 
xi 
45 
p:, 
8" 
33 
3: 

19 
3 i  
31 
32 
3 

37 
33 
3n 

3 i  

32 
33 
29 
?S 
31 

31; 

.... 
33 

- 

-I- ? 
+ I  
- 6  

+ 2  
- 4  
.- 4 
- s  
-t 3 

+ a  - a 
f U  
+ 1  
+ 3  

-13 
+ 5  
- 1  
f O  
+ 6  

+ 5  

+ 4  
+ 5  

f 1 )  
+ i  
- 3  
- I  
- 1  

-49 + 4s 

?; 

__ 

- 1  

I 
I- 
I 

_- 
4 - n.2 

.I - 2.0 

IH + 4.n 

1 I + U . 6  
3i + 1U.Y 

1H - 1.1; 

I4 + 31.0 
LI + 2 .1  

8 + 5.1 
9 + 2.1 
n ........ 
1 - 11. 4 
9 I f 2.4 

2.5 ! + 7.1) 
1 I + n.2 
n1 ........ 
35, + 6.0 

2s I - 5.n 
l ' +  1.1; 
I + 1 4  

liin I + 2ij.n 

It: I + 2:s 
p i  1 + 3.0 

(I : ........ 
.I!t ........ 
n + .I.? 

1,; +- i . l i  
1 : -  , 2 .5  

..... + 1tvt. Y 

..... : + !G.9 

-- - 
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It is hoped the presentittion will awnken interest in 
these valrtuble agenoics ai?d lend to their far gronter nppli- 
cntioii in climatic a~itl ilgriculturitl studies. Siuch rtppli- 
cations seem to bo full of proniise, and met.eorolog1st.s 
cnii not nffortl to negltwt, reject, or t1ist:rdit cithor the 
methods or thc results of tho kii i t l  of stuclics licrciii 
considered. 

It may setmi st fiist thought. that c1nt.n is iii:trIcrpnt,c. 
A closer study inclicntm t,hat. lark of daitit is not nt:ci!s- 
sarily R serious limitation. A record a t  ii siiigln st.:itioii 
may be ix!adequr.to, hub the meteorologist now his nvail- 
able an ~i:oriiious mass of stnt.istirs which, pri.)pc!rlp 
roil ed nntl combined, lcnycs litbla to lw tkeircd i!i fix- 

ing Vl t e general lnws of vnriatioiis m ( 1  relntiiws. 

LITERATLTRE ON CORRELATION. 

i' The fumclrtniei: t:d theorems of rorrolntioii wrt? for 
the fimt time mid : h o s t ,  cxhnust.ively disc:usserl I)y A. 
Bravnis 18 niore t h m  half n century rigo. HI? c-le& 
conipletoly wit.h t,he corrclntioii of two nncl t.liree vari- 
ables. 
claalt with R special probleni proposed to  him hy Mr. 
Galton, wid reached oii n soniewh;it liarrow hasis wnie of 
Brrtvais' results for corrc!lnt.ioii of two rarinlhs.  Mr. 
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correlntion for throe vnri&les.?O He ohtninerl rosults 
identical with Bravais', although expressed in teniis of 

The following publications con tnin coniplcte st.rste- 
meiits of tho later rlevidopments mid bil>liogr:ipliics are 
givcn where it is so intlicntnd. 
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INJURY TO VEGETATION RESULTING FROM CLIMATIC 
CONDITIONS.’ 

By CiEORCE EDWARD STONE, Ph. D., Professor of Botmy. 
jbddress: Massachusetts Agricultunal College, diiih~-rst, b11nss.1 

Near1 every wint.er furnishes conditions which nre 

natiw and esotic species. During the past decade a vnsb 
amount of rla.mage due to est.renie conditions has result,cil 
to vemetation, espec.ially in t,hr nort,lienstwii Stnt.cs. 
There %as probably becii no period within t.he meniory of 
living men, or for tliat niatt,er within tho period of exact 
meteorological records, whcn tlmiugc t,o rcgct.:i t,inn in 
Anierica ha.s been iiiore extensive than during tho pmt 12 
years or siiice the winter of 1904. Every nieteorologicd 
iac t,or has its specific influence on vegetntion, hut, since 
sonic of these influcnces a.re so intiiiuit,cly rrla t.ed to 
cert.nin types of injury we will [sic] deal only with those 
c.onccrned in the so-ca.llec1 winter in jury. ‘lhc rincipnl 
metcorological fact.ors associat.ed mit.li win ter-ki P ling rind 
allied phenon~enn nre tenipeniture, soil nntl air ~iioisture, 
wind, and light. 

Either high or low teiii eratures or too much or too 

in plants; also t,he ninount and i~it~ensity of light- and tho 
niovenients of tho air form important factors in res wet, to 
this. Both winds and sunlight have B iiiarked d w t  011 
transpiration, even sunlight alone grext,lp n.ccderatinm 
this process. Therefore, for a correct understunding 07 
the cause underlying in ury t,o vegct,a bion from clirnat,ic 

relative iiiiporbance of niet.eorologica1 a cncies on plant 

susceptibility to vnrious t,roubles. 
Sonic. of the conditions which unclerlie winter-killing tire 

as f OllO\VS : 
Severe and rolonged cold, causing frost to penet-ril t.e 

Sudden rind severe cold following B prolonged wariii 
spell in the Fall, in which case the w-ood tissue niay be 
tender and iiiini a turcr . 

All conditions wliich favor a soft, growt.li and iiniiiatu- 

responsi 55 le for inore or less injury to vegetat,ion of 110th 

little soil moisture are colic f wive to al>nornid c:~~it-lit.ions 

conditions, it is essciitin i t.o have sonic conception of tho 

development and the rdle whidi they p f ay in regard to 

to a great dept P 1. 

rity of wood. Vnrious causes niay be res 
such its growth in a low, moist, soil, too 
or fertilization, or absence of sulficient, 

General low vitality, 
gous diseases and by lack of 

~~ 

1 Reprinted /rom Jour., New York botan. gorden, Oet. 1916, No. zcl2,17:173-178. 

Insufficient soil covering, such as lack of organic matter, 
light niulching nnd t>hin snow covering in winter. 

Loca.tion in unusually windy and esposed places, etc. 
A suiiinier drought followed by copious rains during the 

Full is often responsible for t.lie production of ininiature 
tissue suscept,ihle to colcl. 

Plnnts growing in the clrainage of cesspools are likely to 
be affected by cold owing to the production of unripened 
wood. 

Mnny of our int.roducetl species :ire quite tender and 
ilre likely to be rrtfcct,rd more or less every winter by 

nffect.cd by colt1 in t.hc northern Stiltes n.nd suc YUY i plents 
severe cold. Tho huils of pctich trees xre 

ns the prirct, .Jtrpiuiesn ninples, etc., :ire affected by 
orc1iii::r.v cold. Oil t,lir other hand, plmts that are 
n:itirc furthcr north, such ns the Lahnidor ten, frequently 
suffcr sonic wint.er injury it1 our la t,it:ude when grown out 
of thcir n:it.nrnl cnvirc1uriic:its. %vzinip species trans- 
plitntril t,o rt4i.tively dry soil s u i h  inore froin drought 
:ind low wint,ctr tmiperx tmes than thoso grown in t,heir 
tioiiiitil 1iahit.ct t. liruiy nz? t.iw p h i  t.s n.re winter-kille$ 
bndlv when 011 tlir north sidc of huildinas where light is 
iiisuhicnt,,  1~)ccil.usc iii sucli situnt.ions triie woocl fails to 
iiin t.arc! properly. On thi! o tbcr hmd,  some sout.hern 
specics of pltint.s! such as t,lic niagnolins, nre niore hn.rdy 
in t . 1 ~  iiclrth t h n  zire Solile (-if our nn t,ivc species. Indeed 
t.hc rIvi~01i \ ~ h y  the niti.gnoli:is do not grow iiiore abun- 
dn.nt.1~: in tlic north is zqqmrrn tly not connected with 
t.cnipwi t.iire requirniwn ts. 

8o:iic in j my  t.o vegrt,ii.t.ioa is geiieridly cn.used by snow 
tmd ice! :I til-1 t.liis iisiile froni tdictt which occ.urs froin the 
overlotrdiiil-r of 1)r;inchcs. l‘hc lenvcs of the lower 
lminclii-.~ I): vnrious cnnifrrs lire of t.en killtd when buried 
in snt.)w l ~ n . 1 1 1 ~ ~  : i i d  t.he lcaves of urlmt>us :ire coiiiiiionly 
sun-sc!-~r~licd from rsl)mur~* to winter snows r~iid ice. 

Tlir iiijurics ~ ~ ~ i ~ l t ~ i ~ i g  to regc..t,ilt,ion induced by metcoro- 
logicnl conditions ctcn I)(> coiivcnieii t.ly plilced under two 
diifcrent, ciit.cgories, nninely, injury to t.he root system 
tiiid injury t.o t.he ncriul port,iou of t.he plnnt, to limbs, 
l)r~inclies. nncl lenves. Injuries which occiir to a plant 
i r h m ~  tlitx surf:i.cc of t.he groiind rtnd which are msoc.inted 
with nit.t.ei~rologicirl sgcrncic-.s iirq ’. frost critcks,” ‘‘ SUU- 
S C R I ~ , ”  ‘asun-scorch,.” and ” bronzing. ” 

5: 

FHOST-C1I.iCli.i;. 

Frost-crilcks’’ iirc foriiird in wintcr nlid nre due to 
cst.rrnic chongcs in t,ei>ipmt. t.urc )\,i t.liiii t.hc tissues nnd 
oceiir on thosr portions of t.hP t.rw w1im.e the niasimuni 
aniount, of 1iw.t is dcvrlo . d, nainely, on t,he soutliwest 
side of thc! t,rw. Since t 7 ic iiiiisiniuni miount of heat 
derived froni sunshine is received geii orally betmmi 2 
niid 3 p. ~ n . ,  bliiit port.ion of a trae-t.runk coinciding with 
tho direct rays of t,he sun at. t.liis period is the one most 
likely t.o be nffccted 011’ ti day of unifonii clearness. 
Moreover, tlic 1ncn.t.ion of frost,-cmcks on it. tree coincides 
with bht .  o.reti giviug t.he niiniiiiuni elect.ricn1 resistnnce, 
and since tbe clrct.ricail rcsist,tiiicc of n t.ree is proport.ionn1 
t.o thc tmiprrii tnrcs of the t,issue comprising t,he sanie- 
tlir lower clrc t,riral rcsistmicc~ corresponding with t,he 
higher t.eniperLi turrs-t.hn t port.ion of t,he tree showing 
t,lie lcilst elec.t.ricr!l rrsist.ance is niosb suscept,ible t,o frost- 
cr;1ck. 

moist ntniosphere, rind mort 


